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QUOTIENTS OF ULTRAGRAPH C∗-ALGEBRAS
HOSSEIN LARKI
Abstract. Let G be an ultragraph and let C∗(G) be the associated C∗-
algebra introduced by Mark Tomforde. For any gauge invariant ideal
I(H,B) of C
∗(G), we analyze the structure of the quotient C∗-algebra
C∗(G)/I(H,B). For simplicity’s sake, we first introduce the notion of quo-
tient ultragraph G/(H,B) and an associated C∗-algebra C∗(G/(H,B))
such that C∗(G/(H,B)) ∼= C∗(G)/I(H,B). We then prove the gauge in-
variant and the Cuntz-Krieger uniqueness theorems for C∗(G/(H,B))
and describe primitive gauge invariant ideals of C∗(G/(H,B)).
1. Introduction
In order to bring graph C∗-algebras and Exel-Laca algebras together un-
der one theory, Tomforde introduced in [17] the notion of ultragraphs and
associated C∗-algebras. An ultragraph is basically a directed graph in which
the range of each edge is allowed to be a nonempty set of vertices rather than
a single vertex. However, the class of ultragraph C∗-algebras are strictly
lager than the graph C∗-algebras as well as the Exel-Laca algebras (see [18,
Section 5]). Due to some similarities, parts of fundamental results for graph
C∗-algebras, such as the Cuntz-Krieger and the gauge invariant uniqueness
theorems, simplicity, and K-theory computation have been extended to the
setting of ultragraphs [17, 18].
Furthermore, by constructing a specific topological quiver Q(G) from an
ultragraph G, Katsura et al. described some properties of the ultragraph
C∗-algebra C∗(G) using those of topological quivers [13]. In particular, they
showed that every gauge invariant ideal of C∗(G) is of the form I(H,B) cor-
responding to an admissible pair (H,B) in G. Recall that the graph C∗-
algebras (and also the ultragraph C∗-algebras) are simple examples of the
topological quiver algebras [14] in which the sets of vertices and edges are
considered with discrete topology and Radon measures are special counting
measures. So, it seems that working with topological quiver algebras is more
complicated than with the ultragraph C∗-algebras.
Recall that for any gauge invariant ideal I(H,B) of a graph C
∗-algebra
C∗(E), there is a (quotient) graph E/(H,B) such that C∗(E)/I(H,B) ∼=
C∗(E/(H,B)) (see [2, 1]). So, the class of graph C∗-algebras contains such
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quotients, and we may apply the results and properties of graph C∗-algebras
for their quotients. For examples, some contexts such as simplicity, K-
theory, primitivity, and topological stable rank are directly related to the
structure of ideals and quotients.
Unlike the C∗-algebras of graphs and topological quivers, the class of
ultragraph C∗-algebras is not closed under quotients. This causes some ob-
stacles in studying the structure of ultragraph C∗-algebras. The aims of
this article are to prove two kinds of uniqueness theorems, known as the
gauge invariant and the Cuntz-Krieger uniqueness theorems, for quotients
of ultragraph C∗-algebras and apply them for analyzing the ideal struc-
ture of an ultragraph C∗-algebra. Suppose that I(H,B) is a gauge invari-
ant ideal of an ultragraph C∗-algebra C∗(G). For the sake of convenience,
we first introduce the notion of quotient ultragraph G/(H,B) and a rela-
tive C∗-algebra C∗(G/(H,B)) such that C∗(G)/I(H,B) ∼= C
∗(G/(H,B)) and
then prove the gauge invariant and Cuntz-Krieger uniqueness theorems for
C∗(G/(H,B)). The C∗-algebra C∗(G/(H,B)) is called a quotient ultragraph
C∗-algebra. The uniqueness theorems help us to show when a representation
of C∗(G/(H,B)) is injective. We see that the structure of C∗(G/(H,B)) is
close to that of graph and ultragraph C∗-algebras. Hence, many traditional
graph C∗-algebraic techniques may be extended to the ultragraph setting
by applying quotient ultragraphs (see Sections 6 and 7). We note that the
initial idea for defining quotient ultragraphs has been inspired from quo-
tient labelled graphs in [9]. However, many main results of this paper are
not known for labelled graphs. Moreover, any restrictive condition such as
set-finiteness or receiver set-finiteness does not be assumed here for ultra-
graphs.
This article is organized as follows. We begin in Section 2 by giving some
definitions and preliminaries about the ultragraphs and their C∗-algebras
which will be used in the next sections. In Section 3, for any admissible pair
(H,B) in an ultragraph G, we introduce the quotient ultragraph G/(H,B)
and an associated C∗-algebra C∗(G/(H,B)). For this, the ultragraph G is
modified by an extended ultragraph G and we define an equivalent relation
∼ on G. Then the quotient ultragraph G/(H,B) is ultragraph G with the
equivalent classes {[A] : A ∈ G
0
}. In Section 4, by approaching with graph
C∗-algebras, the gauge invariant and the Cuntz-Krieger uniqueness theorems
will be proved for the quotient ultragraphs C∗-algebras.
In Section 5, we describe the gauge invariant ideals of C∗(G/(H,B)). We
first prove that C∗(G/(H,B)) is isometrically isomorphic to the quotient C∗-
algebra C∗(G)/I(H,B). We then see that every gauge invariant ideal I(K,S) in
C∗(G) with K ⊇ H and K ∪S ⊇ B induces an ideal J[K,S] in C
∗(G/(H,B))
and all gauge invariant ideals of C∗(G/(H,B)) are of this form. In Sections
6 and 7, using quotient ultragraphs, we can apply some graph C∗-algebra
methods for the ultragraph C∗-algebras. In Section 6, we define Condition
(K) for G/(H,B) under which all ideals of C∗(G/(H,B)) are gauge invariant
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and the real rank of C∗(G/(H,B)) is zero. As a corollary, we can recover
both [13, Proposition 7.3] and [12, Proposition 5.26] by a different approach.
Finally, in Section 7, all primitive gauge invariant ideals of ultragraph C∗-
algebras will be characterized.
2. preliminaries
In this section, we review basic definitions and properties of ultragraph
C∗-algebras which will be needed through the paper. For more details, we
refer the reader to [17] and [13].
Definition 2.1 ([17]). An ultragraph is a quadruple G = (G0,G1, rG , sG) con-
sisting of a countable vertex set G0, a countable edge set G1, the source map
sG : G
1 → G0, and the range map rG : G
1 → P(G0) \ {∅}, where P(G0) is
the collection of all subsets of G0. If rG(e) is a singleton vertex for each edge
e ∈ G1, then G is an ordinary (directed) graph.
For our convenience, we use the notation G0 of [13] rather than [17, 18].
For any set X, a nonempty subcollection of the power set P(X) is said to
be an algebra if it is closed under the set operations ∩, ∪, and \. If G is
an ultragraph, the smallest algebra in P(G0) containing {{v} : v ∈ G0} and
{rG(e) : e ∈ G
1} is denoted by G0. We simply denote every singleton set {v}
by v. So, G0 may be considered as a subset of G0.
Definition 2.2. For each n ≥ 1, a path α of length |α| = n in G is a sequence
α = e1 . . . en of edges such that s(ei+1) ∈ r(ei) for 1 ≤ i ≤ n − 1. If also
s(e1) ∈ r(en), α is called a loop or a closed path. We write α
0 for the set
{sG(ei) : 1 ≤ i ≤ n}. The elements of G
0 are considered as the paths of
length zero. The set of all paths in G is denoted by G∗. We may naturally
extend the maps sG, rG on G
∗ by defining sG(A) = rG(A) = A for A ∈ G
0,
and rG(α) = rG(en), sG(α) = sG(e1) for each path α = e1 . . . en.
Definition 2.3 ([17]). Let G be an ultragraph. A Cuntz-Krieger G-family is
a set of partial isometries {se : e ∈ G
1} with mutually orthogonal ranges
and a set of projections {pA : A ∈ G
0} satisfying the following relations:
(1) p∅ = 0, pApB = pA∩B, and pA∪B = pA+pB−pA∩B for all A,B ∈ G
0,
(2) s∗ese = prG(e) for e ∈ G
1,
(3) ses
∗
e ≤ psG(e) for e ∈ G
1, and
(4) pv =
∑
sG(e)=v
ses
∗
e whenever 0 < |s
−1
G (v)| <∞.
The C∗-algebra C∗(G) of G is the (unique) C∗-algebra generated by a uni-
versal Cuntz-Krieger G-family.
By [17, Remark 2.13], we have
C∗(G) = span
{
sαpAs
∗
β : α, β ∈ G
∗, A ∈ G0, and rG(α) ∩ rG(β) ∩A 6= ∅
}
,
where sα := se1 . . . sen if α = e1 . . . en, and sα := pA if α = A.
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Remark 2.4. As noted in [17, Section 3], every graph C∗-algebra is an ultra-
graph C∗-algebra. Recall that if E = (E0, E1, rE , sE) is a directed graph, a
collection {se, pv : v ∈ E
0, e ∈ E1} containing mutually orthogonal projec-
tions pv and partial isometries se is called a Cuntz-Krieger E-family if
(1) s∗ese = prE(e) for all e ∈ E
1,
(2) ses
∗
e ≤ psE(e) for all e ∈ E
1, and
(3) pv =
∑
sE(e)=v
ses
∗
e for every vertex v ∈ E
0 with 0 < |s−1E (v)| <∞.
We denote by C∗(E) the universal C∗-algebra generated by a Cuntz-Krieger
E-family.
By the universal property, C∗(G) admits the gauge action of the unit cir-
cle T. By an ideal, we mean a closed two-sided ideal. Using the properties
of quiver C∗-algebras [13], the gauge invariant ideals of C∗(G) were char-
acterized in [13, Theorem 6.12] via a one-to-one correspondence with the
admissible pairs of G.
Definition 2.5. A subset H ⊆ G0 is said to be hereditary if the following
properties holds:
(1) sG(e) ∈ H implies rG(e) ∈ H for all e ∈ G
1.
(2) A ∪B ∈ H for all A,B ∈ H.
(3) If A ∈ H, B ∈ G0, and B ⊆ A, then B ∈ H.
Moreover, a subset H ⊆ G0 is called saturated if for any v ∈ G0 with 0 <
|s−1G (v)| <∞, then rG(s
−1
G (v)) ⊆ H implies v ∈ H. The saturated hereditary
closure of a subset H ⊆ G0 is the smallest hereditary and saturated subset
H of G0 containing H.
Let H be a saturated hereditary subset of G0. The set of breaking vertices
of H is denoted by
BH :=
{
w ∈ G0 : |s−1G (w)| =∞ but 0 < |rG(s
−1
G (w)) ∩ (G
0 \H)| <∞
}
.
Following [12], an admissible pair (H,B) in G is a saturated hereditary set
H ⊆ G0 together with a subset B ⊆ BH . For any admissible pair (H,B) in
G, we define the ideal I(H,B) of C
∗(G) generated by
{pA : A ∈ G
0} ∪
{
pHw : w ∈ B
}
,
where pHw := pw−
∑
sG(e)=w, rG(e)/∈H
ses
∗
e. Note that the ideal I(H,B) is gauge
invariant and [11, Theoerm 6.12] implies that every gauge invariant ideal I
of C∗(G) is of the form I(H,B) for
H := {A : pA ∈ I} and B :=
{
w ∈ BH : p
H
w ∈ I
}
.
3. Quotient Ultragraphs and their C∗-algebras
In this section, for any admissible pair (H,B) in an ultragraph G, we intro-
duce the quotient ultragraph G/(H,B) and its relative C∗-algebra C∗(G/(H,B)).
We will show in Proposition 5.1 that C∗(G/(H,B)) is isometrically isomor-
phic to the quotient C∗-algebra C∗(G)/I(H,B).
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Let us fix an ultragraph G = (G0,G0, rG , sG) and an admissible pair (H,B)
in G. For defining our quotient ultragraph G/(H,B), we first modify G by
an extended ultragraph G as follows. Add the vertices {w′ : w ∈ BH \B} to
G0 and denote A := A ∪ {w′ : w ∈ A ∩ (BH \B)} for each A ∈ G
0. We now
define the new ultragraph G = (G0,G
1
, r′, s′) by
G
0
:= G0 ∪ {w′ : w ∈ BH \B},
G
1
:= G1,
the source map
s′(e) :=
{
(sG(e))
′ if sG(e) ∈ BH \B and rG(e) ∈ H
sG(e) otherwise,
and the rang map r′(e) := rG(e) for every e ∈ G
1. In Proposition 3.3 below,
we will see that the C∗-algebras of G and G coincide.
Example 3.1. Suppose G is the ultragraph
wu
v
A
f
(∞)
e
e
g
H
where (∞) indicates infinitely many edges. If H is the saturated hereditary
subset of G0 containing {v} and A, then we have BH = {w}. For B := ∅,
consider the admissible pair (H, ∅) in G. Then the ultragraph G associated
to (H, ∅) would be
w w′u
v
A
(∞)
f
e
e
g
e
H
Indeed, since BH \B = {w}, for constructing G we first add a vertex w
′ to
G. We then define
r′(f) := A = A,
r′(e) := {v,w} = {v,w,w′}, and
r′(g) := {u} = {u}.
For the source map s′, for example, since sG(f) ∈ BH \ B and rG(f) ∈ H,
we may define s′(f) := w′. Note that the range of each edge emitted by w′
belongs to H.
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As usual, we write G
0
for the algebra generated by the elements of G
0
∪
{r′(e) : e ∈ G
1
}. Note that A = A for every A ∈ H, and hence, H would be
a saturated hereditary subset of G
0
as well. Moreover, the set of breaking
vertices of H in G is B (meaning BGH = B).
Remark 3.2. Suppose that C∗(G) is generated by a Cuntz-Krieger G-family
{se, pA : A ∈ G
0, e ∈ G1}. If a family M = {Se, Pv , PA : v ∈ G
0, A ∈ G0, e ∈
G
1
} in a C∗-algebra X satisfies relations (1)-(4) in Definition 2.3, we may
generate a Cuntz-Krieger G-family N = {Se, PA : A ∈ G
0
, e ∈ G
1
} in X.
For this, since G
0
is the algebra generated by {v,w′, r′(e) : v ∈ G0, w ∈
BH \B, e ∈ G
1
}, it suffices to define
PA∩B := PAPB
PA∪B := PA + PB − PAPB
PA\B := PA − PAPB
and generate projections PA for all A ∈ G
0
. Then N is a Cuntz-Krieger
G-family in X, and the C∗-subalgebras generated by M and N coincide.
Proposition 3.3. Let G be an ultragraph, and let (H,B) be an admissible
pair in G. If G is the extended ultragraph as above, then C∗(G) ∼= C∗(G).
Proof. Suppose that C∗(G) = C∗(te, qA) and C
∗(G) = C∗(se, pC). If we
define
Pv := qv for v ∈ G
0 \ (BH \B)
Pw :=
∑
sG(e)=w
rG(e)/∈H
tet
∗
e for w ∈ BH \B
Pw′ := qw −
∑
sG(e)=w
rG(e)/∈H
tet
∗
e for w ∈ BH \B
PA := qA for A ∈ G
0
Se := te for e ∈ G
1
then, by Remark 3.2, the family {Pv, Pw, Pw′ , PA, Se} induces a Cuntz-
Krieger G-family in C∗(G). Since all vertex projections of this family are
nonzero (which follows all set projections PA are nonzero for ∅ 6= A ∈ G
0
),
the gauge-invariant uniqueness theorem [17, Theorem 6.8] implies that the
∗-homomorphism φ : C∗(G) → C∗(G) with φ(p∗) = P∗ and φ(s∗) = S∗ is
injective. On the other hand, the family generates all C∗(G), and hence, φ
is an isomorphism. 
To define a quotient ultragraph G/(H,B), we use the following equivalent
relation on G.
Definition 3.4. Suppose that (H,B) is an admissible pair in G, and that G
is the extended ultragraph as above. We define the relation ∼ on G
0
by
A ∼ B ⇐⇒ ∃V ∈ H such that A ∪ V = B ∪ V.
Note that A ∼ B if and only if both sets A \B and B \ A belong to H.
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Lemma 3.5. The relation ∼ is an equivalent relation on G
0
. Furthermore,
the operations
[A] ∪ [B] := [A ∪B], [A] ∩ [B] := [A ∩B], and [A] \ [B] := [A \B]
are well-defined on the equivalent classes {[A] : A ∈ G
0
}.
Proof. It is straightforward to verify that the relation ∼ is reflexive, symmet-
ric, and associative. To see the second assertion, suppose that [A1] = [A2],
[B1] = [B2], and A1 ∪ V = A2 ∪ V , B1 ∪W = B2 ∪W for some V,W ∈ H.
The hereditary property of H yields V ∪W ∈ H and we get
(A1 ∪B1) ∪ (V ∪W ) = (A2 ∪B2) ∪ (V ∪W )
=⇒ [A1 ∪B1] = [A2 ∪B2].
Also, we have
(A1 ∩B1) ∪ (V ∪W ) = (A1 ∪ (V ∪W )) ∩ (B1 ∪ (V ∪W ))
= (A2 ∪ (V ∪W )) ∩ (B2 ∪ (V ∪W ))
= (A2 ∩B2) ∪ (V ∪W )
=⇒ [A1 ∩B1] = [A2 ∩B2].
For the third operation, first note that B1 \ B2, B2 \ B1 ⊆ W because
B1 ∪W = B2 ∪W . Then we have
(A1 \B1) ∪W = (A1 \ ((B1 ∩B2) ∪ (B1 \B2))) ∪W
= (A1 \ (B1 ∩B2)) ∪W
and similarly,
(A2 \B2) ∪W = (A2 \ (B1 ∩B2)) ∪W.
Now the fact A1 ∪ V = A2 ∪ V implies that
(A1 \B1) ∪ (V ∪W ) = (A1 \ (B1 ∩B2)) ∪ (V ∪W )
= ((A1 ∪ V ) \ (B1 ∩B2)) ∪ (V ∪W )
= ((A2 ∪ V ) \ (B1 ∩B2)) ∪ (V ∪W )
= (A2 \B2) ∪ (V ∪W ).
Therefore, we obtain [A1 \B1] = [A2 \B2], as desired. 
Definition 3.6. Let G be an ultragraph, let (H,B) be an admissible pair in
G, and consider the equivalent relation of Definition 3.4 on the extended
ultragraph G = (G
0
,G
1
, r′, s′). The quotient ultragraph of G by (H,B) is the
quintuple G/(H,B) = (Φ(G0),Φ(G0),Φ(G1), r, s), where
Φ(G0) :=
{
[v] : v ∈ G0 \H
}
∪
{
[w′] : w ∈ BH \B
}
,
Φ(G0) :=
{
[A] : A ∈ G
0
}
,
Φ(G1) :=
{
e ∈ G
1
: r′(e) /∈ H
}
,
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and r : Φ(G1) → Φ(G0), s : Φ(G1) → Φ(G0) are the range and source maps
defined by
r(e) = [r′(e)] and s(e) := [s′(e)].
We refer to Φ(G0) as the vertices of G/(H,B).
Remark 3.7. Lemma 3.5 implies that Φ(G0) is the smallest algebra contain-
ing {
[v], [w′] : v ∈ G0 \H,w ∈ BH \B
}
∪
{
[r′(e)] : e ∈ G
1
}
.
Notation.
(1) For every vertex v ∈ G
0
\H, we usually denote [v] instead of [{v}].
(2) For A,B ∈ G
0
, we write [A] ⊆ [B] whenever [A] ∩ [B] = [A].
(3) Through the paper, we will denote the range and the source maps
of G by rG , sG , those of G by r
′, s′, and those of G/(H,B) by r, s.
Now we introduce representations of quotient ultragraphs and their rela-
tive C∗-algebras.
Definition 3.8. Let G/(H,B) be a quotient ultragraph. A representation
of G/(H,B) is a set of partial isometries {Te : e ∈ Φ(G
1)} and a set of
projections {Q[A] : [A] ∈ Φ(G
0)} which satisfy the following relations:
(1) Q[∅] = 0, Q[A∩B] = Q[A]Q[B], and Q[A∪B] = Q[A] +Q[B] −Q[A∩B].
(2) T ∗e Te = Qr(e) and T
∗
e Tf = 0 when e 6= f .
(3) TeT
∗
e ≤ Qs(e).
(4) Q[v] =
∑
s(e)=[v] TeT
∗
e , whenever 0 < |s
−1([v])| <∞.
The C∗-algebra C∗(G/(H,B)) of G/(H,B) is the universal C∗-algebra gen-
erated by a representation {te, q[A] : [A] ∈ Φ(G
0), e ∈ Φ(G1)} which exists
by Theorem 3.11 below.
Remark 3.9. Recall that the universality of C∗(G/(H,B)) means that if
{Te, Q[A]} is a representation of G/(H,B) in a C
∗-algebra X, then there
exists a ∗-homomorphism φ : C∗(G/(H,B)) → X such that φ(q[A]) = Q[A]
and φ(te) = Te for all [A] ∈ Φ(G
0) and e ∈ Φ(G1).
Note that if α = e1 . . . en is a path in G and r
′(α) /∈ H, then the hereditary
property of H yields r′(ei) /∈ H, and so ei ∈ Φ(G
1) for all 1 ≤ i ≤ n. In this
case, we denote tα := te1 . . . ten . Moreover, we define
(G/(H,B))∗ := {[A] : [A] 6= [∅]} ∪
{
α ∈ G
∗
: r(α) 6= [∅]
}
as the set of finite paths in G/(H,B) and we can extend the maps s, r on
(G/(H,B))∗ by setting
s([A]) := r([A]) := [A] and s(α) := s(e1), r(α) := r(en).
The proof of next lemma is similar to the arguments of [17, Lemmas 2.8
and 2.9].
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Lemma 3.10. Let G/(H,B) be a quotient ultragraph and let {Te, Q[A]} be
a representation of G/(H,B). Then any nonzero word in Te, Q[A], and T
∗
f
may be written as a finite linear combination of the forms TαQ[A]T
∗
β for
α, β ∈ (G/(H,B))∗ and [A] ∈ Φ(G0) with [A] ∩ r(α) ∩ r(β) 6= [∅].
Theorem 3.11. Let G/(H,B) be a quotient ultragraph. Then there ex-
ists a (unique up to isomorphism) C∗-algebra C∗(G/(H,B)) generated by a
universal representation {te, q[A] : [A] ∈ Φ(G
0), e ∈ Φ(G1)} for G/(H,B).
Furthermore, all the te’s and q[A]’s are nonzero for [∅] 6= [A] ∈ Φ(G
0) and
e ∈ Φ(G1).
Proof. By a standard argument similar to the proof of [17, Theorem 2.11],
we may construct such universal C∗-algebra C∗(G/(H,B)). Note that the
universality implies that C∗(G/(H,B)) is unique up to isomorphism. To
show the last statement, we generate a representation for G/(H,B) as fol-
lows. Suppose C∗(G) = C∗(se, pA) and consider I(H,B) as an ideal of C
∗(G)
by the isomorphism of Proposition 3.3. If we define{
Q[A] := pA + I(H,B) for [A] ∈ Φ(G
0)
Te := se + I(H,B) for e ∈ Φ(G
1),
then the family {Te, Q[A] : [A] ∈ Φ(G
0), e ∈ Φ(G1)} is a representation for
G/(H,B) in the quotient C∗-algebra C∗(G)/I(H,B). Note that the definition
of Q[A]’s is well-defined. Indeed, if A1 ∪ V = A2 ∪ V for some V ∈ H, then
pA1 + pV \A1 = pA2 + pV \A2 and hence pA1 + I(H,B) = pA2 + I(H,B) by the
facts V \ A1, V \ A2 ∈ H.
Moreover, all elements Q[A] and Te are nonzero for [∅] 6= [A] ∈ Φ(G
0),
e ∈ Φ(G1). In fact, if Q[A] = 0, then pA ∈ I(H,B) and we get A ∈ H by [13,
Theorem 6.12]. Also, since T ∗e Te = Qr(e) 6= 0, all partial isometries Te are
nonzero.
Now suppose that C∗(G/(H,B)) is generated by the family {te, q[A] :
[A] ∈ Φ(G0), e ∈ Φ(G1)}. By the universality of C∗(G/(H,B)), there is a
∗-homomorphism φ : C∗(G/(H,B)) → C∗(G)/I(H,B) such that φ(te) = Te
and φ(q[A]) = Q[A], and thus, all elements {te, q[A] : [∅] 6= [A] ∈ Φ(G
0), e ∈
Φ(G1)} are nonzero. 
Using Lemma 3.10, one may easily show that
C∗(G/(H,B)) = span
{
tαq[A]t
∗
β : α, β ∈ (G/(H,B))
∗, r(α)∩[A]∩r(β) 6= [∅]
}
.
4. Uniqueness Theorems
After defining the C∗-algebras of quotient ultragraphs, in this section,
we prove the gauge invariant and the Cuntz-Krieger uniqueness theorems
for them. To do this, we approach to a quotient ultragraph C∗-algebra by
graph C∗-algebras and then apply the corresponding uniqueness theorems of
graph C∗-algebras. This approach is a developed version of the dual graph
method of [15, Section 2] and [17, Section 5] with more complications.
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We fix again an ultragraph G, an admissible pair (H,B) in G, and the
quotient ultragraph G/(H,B) = (Φ(G0),Φ(G0),Φ(G1), r, s).
Definition 4.1. We say that a vertex [v] ∈ Φ(G0) is a sink if s−1([v]) = ∅. If
[v] emits finitely many edges of Φ(G1), [v] is called a regular vertex. We say
[v] is a singular vertex if it is not regular. We denote the set of all singular
vertices of Φ(G0) by
Φsg(G
0) :=
{
[v] ∈ Φ(G0) : |s−1([v])| = 0 or ∞
}
.
Let F be a finite subset of Φsg(G
0)∪Φ(G1), and denote F 0 := F ∩Φsg(G
0)
and F 1 := F ∩ Φ(G1) = {e1, . . . , en}. We want to construct a special graph
GF such that C
∗(GF ) is isomorphic to C
∗(te, q[v] : [v] ∈ F
0, e ∈ F 1). For
each ω = (ω1, . . . , ωn) ∈ {0, 1}
n \ {0n}, we write
r(ω) :=
⋂
ωi=1
r(ei) \
⋃
ωj=0
r(ej) and R(ω) := r(ω) \
⋃
F 0.
Note that r(ω) ∩ r(ν) = [∅] for distinct ω, ν ∈ {0, 1} \ {0n}. If
Γ0 :=
{
ω ∈ {0, 1}n \ {0n} : ∃[v1], . . . , [vm] ∈ Φ(G
0) such that
R(ω) =
m⋃
i=1
[vi] and ∅ 6= s
−1([vi]) ⊆ F
1 for 1 ≤ i ≤ m
}
,
we consider the finite set
Γ := {ω ∈ {0, 1}n \ {0n} : R(ω) 6= [∅] and ω /∈ Γ0} .
Now we define the finite graph GF = (G
0
F , G
1
F , rF , sF ) containing the
vertices G0F := F
0 ∪ F 1 ∪ Γ and the edges
G1F :=
{
(e, f) ∈ F 1 × F 1 : s(f) ⊆ r(e)
}
∪
{
(e, [v]) ∈ F 1 × F 0 : [v] ⊆ r(e)
}
∪
{
(e, ω) ∈ F 1 × Γ : ωi = 1 when e = ei
}
with the source map sF (e, f) = sF (e, [v]) = sF (e, ω) = e, and the range map
rF (e, f) = f , rF (e, [v]) = [v], rF (e, ω) = ω.
Proposition 4.2. Let G/(H,B) be a quotient ultragraph and let F be a
finite subset of Φsg(G
0) ∪ Φ(G1). If C∗(G/(H,B)) = C∗(te, q[A]), then the
elements
Qe := tet
∗
e, Q[v] := q[v](1−
∑
e∈F 1 tet
∗
e), Qω := qR(ω)(1−
∑
e∈F 1 tet
∗
e)
T(e,f) := teQf , T(e,[v]) := teQ[v], T(e,ω) := teQω
form a Cuntz-Krieger GF -family generating the C
∗-subalgebra C∗(te, q[v] :
[v] ∈ F 0, e ∈ F 1) of C∗(G/(H,B)). Moreover, all projections Q∗ are
nonzero.
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Proof. We first note that all the projections Qe, Q[v], and Qω are nonzero.
Indeed, each [v] ∈ F 0 is a singular vertex in G/(H,B), so Q[v] is nonzero.
Also, by definition, for every ω ∈ Γ we have ω /∈ Γ0 and R(ω) 6= [∅]. Hence,
for any ω ∈ Γ, if there is an edge f ∈ Φ(G1) \ F 1 with s(f) ⊆ R(ω), then
0 6= tf t
∗
f ≤ Qω. If there is a sink [w] such that [w] ⊆ R(ω) = r(ω) \
⋃
F 0,
then 0 6= q[w] ≤ qR(ω)(1 −
∑
e∈F 1 tet
∗
e) = Qω. Thus Qω is nonzero in either
case. In addition, the projections Qe, Q[v], and Qω are mutually orthogonal
because of the factor 1−
∑
e∈F 1 tet
∗
e and the definition of R(ω).
Now we show the collection {Tx, Qa : a ∈ G
0
F , x ∈ G
1
F } is a Cuntz-Krieger
GF -family by checking the relations (1)-(3) in Remark 2.4.
(1): Since Q[v], Qω ≤ qr(e) for (e, [v]), (e, ω) ∈ G
1
F , we have
T ∗(e,f)T(e,f) = Qf t
∗
eteQf = tf t
∗
fqr(e)tf t
∗
f = tfqr(f)t
∗
f = Qf ,
T ∗(e,[v])T(e,[v]) = Q[v]t
∗
eteQ[v] = Q[v]qr(e)Q[v] = Q[v],
and
T ∗(e,ω)T(e,ω) = Qωt
∗
eteQω = Qωqr(e)Qω = Qω.
(2): This relation may be checked similarly.
(3): Note that any element of F 0∪Γ is a sink in GF . So, fix some ei ∈ F
1
as a vertex of G0F . Write qF 0 :=
∑
[v]∈F 0 q[v]. We compute
(i)
qr(ei)
∑
f∈F 1
s(f)⊆r(ei)
Qf = qr(ei)
∑
f∈F 1
s(f)⊆r(ei)
tf t
∗
f = qr(ei)
∑
f∈F 1
tf t
∗
f ;
(ii)
qr(ei)
∑
[v]∈F 0,
[v]⊆r(ei)
Q[v] = qr(ei)
∑
[v]∈F 0
q[v](1−
∑
e∈F 1
tet
∗
e)
= qr(ei)qF 0(1−
∑
e∈F 1
tet
∗
e);
(iii) ∑
ω∈Γ,ωi=1
Qω =
∑
ω∈Γ,ωi=1
qR(ω)(1−
∑
e∈F 1
tet
∗
e) =
∑
ωi=1
qR(ω)(1−
∑
e∈F 1
tet
∗
e),
because
∑
ωi=1
qR(ω) = qr(ei)(1− qF 0).
We can use these relations to get∑
s(f)⊆r(ei)
T(ei,f) +
∑
[v]∈F 0, [v]⊆r(ei)
T(ei,[v]) +
∑
ω∈Γ, ωi=1
T(ei,ω)
= tei
qr(ei) ∑
e∈F 1
tet
∗
e + qr(ei)qF 0(
∑
e∈F 1
tet
∗
e) + qr(ei)(1− qF 0)(
∑
e∈F 1
tet
∗
e)

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= teiqr(ei)
∑
e∈F 1
tet
∗
e + (qF 0 + 1− qF 0)(1 −
∑
e∈F 1
tet
∗
e)

= tei .
(4.1)
Now if ei is not a sink as a vertex in GF (i.e. |{x ∈ G
1
F : sF (x) = ei}| > 0),
we conclude that∑
f∈F 1, s(f)⊆r(ei)
T(ei,f)T
∗
(ei,f)
+
∑
[v]∈F 0, [v]⊆r(ei)
T(ei,[v])T
∗
(ei,[v])
+
∑
ω∈Γ, ωi=1
T(ei,ω)T
∗
(ei,ω)
=
∑
teiQf t
∗
ei +
∑
teiQ[v]t
∗
ei +
∑
teiQωt
∗
ei
= teiqr(ei)(
∑
Qf +
∑
Q[v] +
∑
Qω)t
∗
ei
= teit
∗
ei = Qei .
which establishes the relation (3).
Furthermore, equation (4.1) says that tei ∈ C
∗(T∗, Q∗) for every ei ∈ F
1.
Also, for each [v] ∈ F 0, we have
Q[v] +
∑
e∈F 1,s(e)=[v]
Qe = t[v](1−
∑
e∈F 1
tet
∗
e) +
∑
e∈F 1,s(e)=[v]
tet
∗
e
= t[v] − t[v]
∑
e∈F 1
tet
∗
e + t[v]
∑
e∈F 1
tet
∗
e
= t[v].
Therefore, the family {Tx, Qa : a ∈ G
0
F , x ∈ G
1
F } generates the C
∗-subalgebra
C∗({te, q[v] : e ∈ F
1, [v] ∈ F 0}) of C∗(G/(H,B)) and the proof is com-
plete. 
Corollary 4.3. If F is a finite subset of Φsg(G
0) ∪ Φ(G1), then C∗(GF ) is
isometrically isomorphic to the C∗-subalgebra of C∗(G/(H,B)) generated by
{te, q[v] : [v] ∈ F
0, e ∈ F 1}.
Proof. Suppose that X is the C∗-subalgebra generated by {te, q[v] : [v] ∈
F 0, e ∈ F 1} and let {Tx, Qa : a ∈ G
0
F , x ∈ G
1
F } be the Cuntz-Krieger
GF -family in Proposition 4.2. If C
∗(GF ) = C
∗(sx, pa), then there exists a
∗-homomorphism φ : C∗(GF ) → X with φ(pa) = Qa and φ(sx) = Tx for
every a ∈ G0F , x ∈ G
1
F . Since each Qa is nonzero by Proposition 4.2, the
gauge invariant uniqueness theorem implies that φ is injective. Moreover,
the family {Tx, Qa} generates X, so φ is an isomorphism. 
Note that if F1 ⊆ F2 are two finite subsets of Φsg(G
0)∪Φ(G1) and X1,X2
are the C∗-subalgebras of C∗(G/(H,B)) corresponding to GF1 and GF2 ,
respectively, we then have X1 ⊆ X2 by Proposition 4.2.
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Remark 4.4. Using the relations in Definition 3.8, each q[A] for [A] ∈ Φ(G
0),
can be produced by the elements of
{q[v] : [v] ∈ Φsg(G
0)} ∪ {te : e ∈ Φ(G
1)}
with finitely many operations. So, the ∗-subalgebra of C∗(G/(H,B)) gener-
ated by
{q[v] : [v] ∈ Φsg(G
0)} ∪ {te : e ∈ Φ(G
1)}
is dense in C∗(G/(H,B)).
As for graph C∗-algebras, we can apply the universal property to have a
strongly continuous gauge action γ : T→ Aut(C∗(G/(H,B))) such that
γz(te) = zte and γz(q[A]) = q[A]
for every [A] ∈ Φ(G0), e ∈ Φ(G1), and z ∈ T. Now we are ready to prove
the uniqueness theorems.
Theorem 4.5 (The Gauge Invariant Uniqueness Theorem). Let G/(H,B)
be a quotient ultragraph and let {Te, Q[A]} be a representation for G/(H,B)
such that Q[A] 6= 0 for [A] 6= [∅]. If piT,Q : C
∗(G/(H,B)) → C∗(Te, Q[A]) is
the ∗-homomorphism satisfying piT,Q(te) = Te, piT,Q(q[A]) = Q[A], and there
is a strongly continuous action β of T on C∗(Te, Q[A]) such that βz ◦piT,Q =
piT,Q ◦ γz for every z ∈ T, then piT,Q is faithful.
Proof. Select an increasing sequence {Fn} of finite subsets of Φsg(G
0)∪Φ(G1)
such that ∪∞n=1Fn = Φsg(G
0) ∪ Φ(G1). For each n, Corollary 4.3 gives an
isomorphism
pin : C
∗(GFn)→ C
∗({te, q[v] : [v] ∈ F
0, e ∈ F 1})
that respects the generators. We can apply the gauge invariant uniqueness
theorem for graph C∗-algebras to see that the homomorphism
piT,Q ◦ pin : C
∗(GFn)→ C
∗(Te, Q[A])
is faithful. Hence, for every Fn, the restriction of piT,Q on the ∗-subalgebra of
C∗(G/(H,B)) generated by {te, q[v] : [v] ∈ F
0
n , e ∈ F
1
n} is faithful. This turns
out that piT,Q is injective on the ∗-subalgebra C
∗(te, q[v] : [v] ∈ Φsg(G
0), e ∈
Φ(G1)). Since, this subalgebra is dense in C∗(G/(H,B)), we conclude that
piT,Q is faithful. 
To prove a verson of Cuntz-Krieger uniqueness theorem, we extend Con-
dition (L) for quotient ultragraphs.
Definition 4.6. We say that G/(H,B) satisfies Condition (L) if for every loop
α = e1 . . . en in G/(H,B), at least one of the following conditions holds:
(i) r(ei) 6= s(ei+1) for some 1 ≤ i ≤ n, where ei+1 := e1 (or equivalently,
r(ei) \ s(ei+1) 6= [∅]).
(ii) α has an exit; that means, there exists f ∈ Φ(G1) such that s(f) ⊆ r(ei)
and f 6= ei+1 for some 1 ≤ i ≤ n.
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Lemma 4.7. Let F be a finite subset of Φsg(G
0) ∪ Φ(G1). If G/(H,B)
satisfies Condition (L), so does the graph GF .
Proof. Suppose that G/(H,B) satisfies Condition (L). As the elements of
F 0∪Γ are sinks in GF , every loop in GF is of the form α˜ = (e1, e2) . . . (en, e1)
corresponding with a loop α = e1 . . . en in G/(H,B). So, fix a loop α˜ =
(e1, e2) . . . (en, e1) in GF . Then α = e1 . . . en is a loop in G/(H,B) and by
Condition (L), one of the following holds:
(i) r(ei) 6= s(ei+1) for some 1 ≤ i ≤ n, where ei+1 := e1, or
(ii) there exists f ∈ Φ(G1) such that s(f) ⊆ r(ei) and f 6= ei+1 for some
1 ≤ i ≤ n.
We can suppose in the case (i) that s(ei+1) ( r(ei) and r(ei) emits only
the edge ei+1 in G/(H,B). Then, by the definition of Γ, there exists either
[v] ∈ F 0 with [v] ⊆ r(ei)\s(ei+1), or ω ∈ Γ with ωi = 1. Thus, either (ei, [v])
or (ei, ω) is an exit for the loop α˜ in GF , respectively.
Now assume case (ii) holds. If f ∈ F 1, then (ei, f) is an exit for α˜. If
f /∈ F 1, for [v] := s(f) we have either [v] /∈ F 0 or
∃ω ∈ Γ with ωi = 1 such that [v] ⊆ R(ω).
Hence, (ei, [v]) or (ei, ω) is an exit for α˜, respectively. Consequently, in any
case, α˜ has an exit. 
Theorem 4.8 (The Cuntz-Krieger Uniqueness Theorem). Suppose that
G/(H,B) is a quotient ultragraph satisfying Condition (L). If {Te, QA} is a
Cuntz-Krieger representation for G/(H,B) in which all the projection Q[A]
are nonzero for [A] 6= [∅], then the ∗-homomorphism piT,Q : C
∗(G/(H,B))→
C∗(Te, Q[A]) with piT,Q(te) = Te and piT,Q(q[A]) = Q[A] is an isometrically
isomorphism.
Proof. It suffices to show that piT,Q is faithful. Similar to the proof of
4.5, choose an increasing sequence {Fn} of finite sets such that ∪
∞
n=1Fn =
Φsg(G
0)∪Φ(G1). By Corollary 4.3, there are isomorphisms pin : C
∗(GFn)→
C∗
(
{te, q[v] : [v] ∈ F
0
n , e ∈ F
1
n}
)
that respect the generators. Since all the
graphs GFn satisfy Condition (L) by Lemma 4.7, the Cuntz-Krieger unique-
ness theorem for graph C∗-algebras implies that the ∗-homomorphisms
piT,Q ◦ pin : C
∗(GFn)→ C
∗(Te, Q[A])
are faithful. Therefore, piT,Q is faithful on the subalgebra C
∗(te, q[v] : [v] ∈
Φsg(G
0), e ∈ Φ(G1)) of C∗(G/(H,B)). Since this subalgebra is dense in
C∗(G/(H,B)), we conclude that piT,Q is a faithful homomorphism. 
5. Gauge Invariant Ideals
Here we want to describe the gauge invariant ideals of a quotient ultra-
graph C∗-algebra C∗(G/(H,B)) to apply in Sections 6 and 7. For this,
we first prove that C∗(G/(H,B)) is isomorphic to the quotient C∗-algebra
C∗(G)/I(H,B), and then use the ideal structure of C
∗(G) [13, Section 6].
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Proposition 5.1. Let G be an ultragraph. If (H,B) is an admissible pair
in G, then C∗(G/(H,B)) ∼= C∗(G)/I(H,B).
Proof. Using Proposition 3.3, we can consider I(H,B) as an ideal of C
∗(G).
Suppose that C∗(G) = C∗(se, pA) and C
∗(G/(H,B)) = C∗(te, q[A]). If we
define
Te := se + I(H,B) and Q[A] := pA + I(H,B)
for every [A] ∈ Φ(G0) and e ∈ Φ(G1), then the family {Te, Q[A]} is a rep-
resentation for G/(H,B) in C∗(G)/I(H,B). So, there is a ∗-homomorphism
φ : C∗(G/(H,B)) → C∗(G)/I(H,B) such that φ(te) = Te and φ(q[A]) = Q[A].
Moreover, all Q[A] with [A] 6= [∅] are nonzero because pA + I(H,B) = I(H,B)
implies A ∈ H. Then, an application of Theorem 4.5 yields that φ is faithful.
On the other hand, the family {Te, Q[A] : [A] ∈ Φ(G
0), e ∈ Φ(G1)} generates
the quotient C∗(G)/I(H,B), and hence, φ is surjective as well. Therefore, φ
is an isomorphism and the result follows. 
In the rest of section, we fix a quotient ultragraph G/(H,B) and assume
that C∗(G) = C∗(se, pA) and C
∗(G/(H,B)) = C∗(te, q[A]). If we order the
admissible pairs in G by
(K1, S1)  (K2, S2) ⇐⇒ K1 ⊆ K2 and S1 ⊆ K2 ∪ S2,
then [13, Theorem 6.12] shows that the map (K,S) 7→ I(K,S) is a one-to-one
order preserving correspondence between admissible pairs in G and gauge
invariant ideals of C∗(G). Moreover, for every gauge invariant ideal I(K,S) in
C∗(G), we have {A ∈ G0 : pA ∈ I(K,S)} = K and {w ∈ BK : p
K
w ∈ I(K,S)} =
S.
Lemma 5.2. Let φ : C∗(G) → C∗(G/(H,B)) be the canonical surjection
described in Proposition 5.1, and let (K,S) be an admissible pair in G. Then
the image of ideal I(K,S) of C
∗(G) under φ is the ideal J[K,S] in C
∗(G/(H,B))
generated by{
q[A], q[w′] : A ∈ K,w ∈ S ∩ (BH \B)
}
∪
q[w] − ∑
sG(e)=w,rG(e)/∈K
tet
∗
e : w ∈ S \ (BH \B)
 .
Proof. Using the isomorphisms in Propositions 3.3 and 5.1, we have φ(pA) =
q[A] and φ(p
H
w ) = q[w′] for every A ∈ K and w ∈ S ∩ (BH \ B). Also, if
w ∈ S \ (BH \B), then
φ(pw −
∑
sG(e)=w,rG(e)/∈K
ses
∗
e) = q[w] −
∑
sG(e)=w,rG(e)/∈K
tet
∗
e.
These follow the result. 
Theorem 5.3. Let G/(H,B) be a quotient ultragraph of G. Then
16 HOSSEIN LARKI
(1) the map (K,S) 7→ J[K,S] is a one-to-one order preserving corre-
spondence between the admissible pairs (K,S) in G with H ⊆ K,
B ⊆ K ∪ S and the gauge invariant ideals of C∗(G/(H,B));
(2) if J[K,S] is a gauge invariant ideal in C
∗(G/(H,B)), then
C∗(G/(H,B))
J[K,S]
∼= C∗(G/(K,S)).
Proof. (1): Suppose that J is a gauge invariant ideal in C∗(G/(H,B)). If
φ : C∗(G)→ C∗(G/(H,B)) is the canonical map of Lemma 5.2 and we define
I := φ−1(J), then I is a gauge invariant ideal of C∗(G) with I(H,B) ⊆ I. By
[13, Theorem 6.12], there exists an admissible pair (K,S) in G such that
I = I(K,S). In particular, we have H ⊆ K and B ⊆ K ∪S. Now Lemma 5.2
implies that J = φ(I(K,S)) = J[K,S], as demanded.
(2): Let J[K,S] be a gauge invariant ideal in C
∗(G/(H,B)). Since φ(I(K,S)) =
J[K,S] by Lemma 5.2, Proposition 5.1 yields that
C∗(G/(H,B))
J[K,S]
∼=
C∗(G)/I(H,B)
I(K,S)/I(H,B)
∼=
C∗(G)
I(K,S)
∼= C∗(G/(K,S)).

6. Condition (K)
It is known that a graph E satisfies Condition (K) if and only if every
ideal in C∗(E) is gauge invariant (see [1, 5] among others). In [13, Sec-
tion 7], the authors proved a similar result for ultragraph C∗-algebras by
applying the C∗-algebras of topological graphs. In this section, we extend
Condition (K) for a quotient ultragraph G/(H,B) under which all ideals of
C∗(G/(H,B)) are gauge invariant. In particular, we can alternatively obtain
[13, Proposition 7.3] by applying the quotient ultragraphs. To do this, we
first see that a quotient ultragraph G/(H,B) satisfies Condition (K) if and
only if every quotient ultragraph G/(K,S) with H ⊆ K satisfies Condition
(L). Then the main results will be shown.
Let α = e1 . . . en be a path in an ultragraph G. For 1 ≤ k ≤ l ≤ n, the
path β = ekek+1 . . . el is called a subpath of α. We simply write β ⊆ α when
β is a subpath of α; otherwise, we write β * α.
Definition 6.1. We say that a quotient ultragraph G/(H,B) of G satisfies
Condition (K) if every vertex v ∈ G0 \H either is the base of no loops, or
there are at least two loops α, β in G based at v such that neither α nor β
is a subpath of the other.
Remark 6.2. If G/(∅, ∅) is an ultragraph, the above definition for Condition
(K) coincide with that of [13, Definition 7.1].
In the following, we show in the absence of Condition (K) for G/(H,B)
that there is a quotient ultragraph G/(K,S) with K ⊇ H such that it does
not satisfy Condition (L). To d this, let G/(H,B) be a quotient ultragraph
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not satisfying Condition (K). Then G/(H,B) contains a loop γ = e1 . . . en
such that there are no loops α with s(α) = s(γ), α * γ, and γ * α. If
γ0 := {sG(e1), . . . , sG(en)}, define
X :=
{
rG(α) \ γ
0 : α ∈ G∗, |α| ≥ 1, sG(α) ∈ γ
0
}
,
Y :=
{
n⋃
i=1
Ai : A1, . . . , An ∈ X ∪H,n ∈ N
}
,
and set
K0 :=
{
B ∈ G0 : B ⊆ A for some A ∈ Y
}
.
We construct a specific saturated hereditary subset of G0 containing H as
follows: for any n ∈ N inductively define
Sn :=
{
w ∈ G0 : 0 < |s−1G (w)| <∞ and rG(s
−1
G (w)) ⊆ Kn−1
}
∪
{
w ∈ B : w /∈ Kn−1 and rG(s
−1
G (w)) ⊆ Kn−1
}
and
Kn := {A ∪ F : A ∈ Kn−1 and F ⊆ Sn is a finite subset} .
Then we can easily show that the set
K =
∞⋃
n=0
Kn =
{
A ∪ F : A ∈ K0 and F ⊆
∞⋃
n=1
Sn is a finite subset
}
is hereditary and saturated in G.
Lemma 6.3. Suppose that G/(H,B) is a quotient ultragraph of G, and
γ = e1 . . . en is a loop in G/(H,B) such that there are no loops α with
s(α) = s(γ) and α * γ, γ * α. If we construct the set K as above, then K
is a saturated hereditary subset of G0 such that H ⊆ K and B ⊆ K ∪ BK .
Moreover, we have A ∩ γ0 = ∅ for every A ∈ K.
Proof. First, we show inductively that every Kn is a hereditary subset of G
0
by checking the conditions of Definition 2.5. To verify condition (1) for K0,
let us take e ∈ G1 with sG(e) ∈ K0. Then sG(e) ∈ H ∪ X. If sG(e) ∈ H,
we have rG(e) ∈ H ⊆ K0 by the hereditary property of H. If sG(e) ∈ X,
there is α ∈ G∗ such that sG(α) ∈ γ
0 and sG(e) ∈ rG(α) \ γ
0. Hence,
sG(αe) = sG(α) ∈ γ
0. Also, rG(αe) ∩ γ
0 = ∅ because the otherwise implies
the existence of a path β ∈ G∗ with sG(β) = sG(γ) and β * γ, γ * β that
contradicts the hypothesis. It turns out
rG(e) = rG(αe) = rG(αe) \ γ
0 ∈ X ⊆ K0.
Hence, K0 satisfies condition (1) in Definition 2.5. We may easily verify
conditions (2) and (3) for K0, so K0 is hereditary. Moreover, for every
w ∈ Sn, the range of each edge emitted by w belongs to Kn−1 by definition.
Thus, we can inductively check that each Kn is hereditary, and so is K =
∪∞n=1Kn. The saturation property of K is similar to the proof of [18, Lemma
3.12], and it is omitted.
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Furthermore, it is clear that H ⊆ K by the fact H ⊆ Y . To see B ⊆
K ∪BK , take an arbitrary vertex w ∈ B \K. Then w is an infinite emitter
and since w /∈ ∪∞n=1Sn, we have rG(s
−1
G (w)) * ∪
∞
n=1Kn = K. Thus w emits
some edges into G0 \K which implies w ∈ BK as desired.
It remains to show A ∩ γ0 = ∅ for every A ∈ K. To do this, note that
A ∩ γ0 = ∅ for every A ∈ K0 because this property holds for all A ∈ H and
A ∈ X. We claim that (∪∞n=1Sn) ∩ γ
0 = ∅. Indeed, if v = sG(ei) ∈ γ
0 for
some ei ∈ γ, then rG(ei) ∩ γ
0 6= ∅ and rG(ei) /∈ K0. Hence, {rG(e) : e ∈
G1, sG(e) = v} * K0 that turns out v /∈ S1. So, we have S1 ∩ γ0 = ∅. An
inductive argument shows Sn ∩ γ
0 = ∅ for n ≥ 1, and the claim holds. Now
since
K = ∪∞n=1Kn = {A ∪ F : A ∈ K0 and F ⊆ ∪
∞
n=1Sn is a finite subset} ,
we conclude that A ∩ γ0 = ∅ for all A ∈ K. 
Proposition 6.4. A quotient ultragraph G/(H,B) satisfies Condition (K) if
and only if for every admissible pair (K,S) in G with H ⊆ K and B ⊆ K∪S,
the quotient ultragraph G/(K,S) satisfies Condition (L).
Proof. Suppose that G/(H,B) satisfies Condition (K) and (K,S) is an ad-
missible pair in G with H ⊆ K. Let α = e1 . . . en be a loop in G/(K,S).
Since α is also a loop in G/(H,B) and G/(H,B) satisfies Condition (K),
there is a loop β = f1 . . . fm in G with sG(α) = sG(β), and neither α ⊆ β
nor β ⊆ α. Without loos of generality, assume e1 6= f1. By the fact
sG(α) = sG(β) ∈ rG(β), we have rG(β) /∈ K, and so rG(f1) /∈ K by the
hereditary property of K. Therefore, f1 is an exit for α in G/(K,S) and we
conclude that G/(K,S) satisfies Condition (L).
For the converse, suppose on the contrary that G/(H,B) does not satisfy
Condition (K). Then there exists a loop γ = e1 . . . en in G/(H,B) such that
there are no loops α with s(α) = s(γ), α * γ, and γ * α. As Lemma 6.3,
construct a saturated hereditary subset K of G0 and consider the quotient
ultragraph G/(K,BK) = (Ψ(G
0),Ψ(G0),Ψ(G1), r′, s′). We denote by ⌊.⌋ the
equivalent classes in Ψ(G0). We show that γ as a loop in G/(K,BK ) has no
exits and r′(ei) = s
′(ei+1) for 1 ≤ i ≤ n. If f is an exit for γ in G/(K,BK )
such that s′(f) = s′(ej) and f 6= ej , then rG(f) /∈ K and rG(f) ∩ γ
0 6= ∅ (if
rG(f) ∩ γ
0 = ∅, then rG(f) = rG(f) \ γ
0 ∈ X ⊆ K, a contradiction). So,
there is el ∈ γ such that sG(el) ∈ rG(f). If we set α := e1 . . . ej−1fel . . . en,
then α is a loop in G with sG(α) = sG(γ), and α * γ, γ * α, that contradicts
the hypothesis. Therefore, γ has no exits in G/(K,BK). Moreover, we have
r′(ei) ∩ ⌊γ
0⌋ = s′(ei+1) for each 1 ≤ i ≤ n, because the otherwise gives an
exit for γ in G/(K,BK) by the construction of K. Hence,
r′(ei) \ s
′(ei+1) = r
′(ei) \ ⌊γ
0⌋ = ⌊∅⌋
and we get r′(ei) = s
′(ei+1) (note that the fact rG(ei) \ γ
0 ∈ K implies
r′(ei) \ ⌊γ
0⌋ = ⌊rG(ei) \ γ
0⌋ = ⌊∅⌋). Therefore, the quotient ultragraph
G/(K,BK) does not satisfy Condition (L) as desired. 
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To prove the main result of this section, Theorem 6.6, we need also the
following lemma.
Lemma 6.5. Let G/(H,B) = (Φ(G0),Φ(G0),Φ(G1), r, s) be a quotient ultra-
graph of G. If G/(H,B) does not satisfy Condition (L), then C∗(G/(H,B))
contains an ideal Morita-equivalent to C(T). In particular, C∗(G/(H,B))
contains non-gauge invariant ideals.
Proof. Suppose that γ = e1 . . . en is a loop in G/(H,B) without exits and
r(ei) = s(ei+1) for 1 ≤ i ≤ n. If C
∗(G/(H,B)) = C∗(te, q[A]), for each i we
have
t∗eitei = qr(ei) = qs(ei+1) = tei+1t
∗
ei+1 .
Write [v] := s(γ) and let Iγ be the ideal of C
∗(G/(H,B)) generated by q[v].
Since γ has no exits in G/(H,B) and we have
qs(ei) = (tei . . . ten)q[v](t
∗
en . . . t
∗
ei)
for every 1 ≤ i ≤ n, an easy argument shows that
Iγ = span
{
tαq[v]t
∗
β : α, β ∈ (G/(H,B))
∗, [v] ⊆ r(α) ∩ r(β)
}
.
So, we have
q[v]Iγq[v] = span
{
(tγ)
nq[v](t
∗
γ)
m : m,n ≥ 0
}
,
where (tγ)
0 = (t∗γ)
0 := q[v]. We show that q[v]Iγq[v] is a full corner in Iγ
which is isometrically isomorphic to C(T). For this, associated to the graph
E
wf
define Qw := q[v] and Tf := tγ (= tγq[v]). Then {Tf , Qw} is a Cuntz-Krieger
E-family in q[v]Iγq[v]. Assume C
∗(E) = C∗(sf , pw). Since Qw 6= 0, the
gauge-invariant uniqueness theorem for graph C∗-algebras implies that the
∗-homomorphism φ : C∗(E) → q[v]Iγq[v] with pw 7→ Qw and sf 7→ Tf is
faithful. Moreover, the C∗-algebra q[v]Iγq[v] is generated by {Tf , Qw}, and
hence, φ is an isomorphism. We know that C∗(E) ∼= C(T), so q[v]Iγq[v] is
isomorphic to C(T). The fullness of q[v]Iγq[v] in Iγ may be easily shown.
Indeed, if J is an ideal in Iγ with q[v]Iγq[v] ⊆ J , we then have q[v] ∈ J and
J = Iγ . Therefore, Iγ is Morita-equivalent to q[v]Iγq[v] ∼= C(T) as desired.
On the other hand, C(T) contains infinitely many non-gauge invariant
ideals (corresponding with closed subsets ∅ 6= U ( T). Therefore, the
corner q[v]Iγq[v] contains non-gauge invariant ideals, and so does Iγ by the
Morita-equivalence. This follows the second statement of lemma because
each ideal of Iγ is an ideal of C
∗(G/(H,B)). 
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We now ready to prove the main result of this section as a generalization
of [1, Corollary 3.8] and [13, Proposition 7.3].
Theorem 6.6. A quotient ultragraph G/(H,B) satisfies Condition (K) if
and only if all ideals of C∗(G/(H,B)) are gauge invariant.
Proof. Suppose that G/(H,B) satisfies Condition (K). Take an arbitrary
ideal J in C∗(G/(H,B)) and let I be its corresponding ideal in C∗(G) with
I(H,B) ⊆ I (by Proposition 5.1). If C
∗(G) = C∗(se, pA) and set
K :=
{
A ∈ G0 : pA ∈ I
}
, S :=
w ∈ BK : pw − ∑
s(e)=w,r(e)/∈K
ses
∗
e ∈ I
 ,
then [18, Lemma 3.4] implies that (K,S) is an admissible pair in G. Since
I(K,S) ⊆ I, the map{
φ : C∗(G)/I(K,S) −→ C
∗(G)/I
a+ I(K,S) 7−→ a+ I (for a ∈ C
∗(G))
is a well-defined ∗-homomorphism. Let us denote pi : C∗(G/(K,S)) →
C∗(G)/I(K,S) the isomorphism of Proposition 5.1. Since the quotient ul-
tragraph G/(K,S) satisfies Condition (L) by Proposition 6.4, the Cuntz-
Krieger uniqueness theorem, Theorem 4.8, implies that φ ◦ pi is injective.
So, φ is injective that follows I = I(K,S) and I is gauge invariant. Now as
J is the image of I(K,S) into the quotient C
∗(G)/I(H,B) ∼= C
∗(G/(H,B)), we
conclude that J = J[K,S] is a gauge invariant ideal in C
∗(G/(H,B)).
Conversely, assume G/(H,B) does not satisfy Condition (K). By Propo-
sition 6.4, there exists an admissible pair (K,S) in G with H ⊆ K and
B ⊆ K∪S such that the quotient ultragraph G/(K,S) does not satisfy Con-
dition (L). Note that in this case, I(H,B) ⊆ I(K,S) and if J[K,S] is the image
of I(K,S) into C
∗(G)/I(H,B) ∼= C
∗(G/(H,B)), then C∗(G/(H,B))/J[K,S] ∼=
C∗(G/(K,S)). But Lemma 6.5 says that C∗(G/(K,S)) contains infinitely
many non-gauge invariant ideals. On the other hand, for every gauge in-
variant ideal J of C∗(G/(H,B)), the ideal J + J[K,S] is also gauge invari-
ant in C∗(G/(H,B))/J[K,S] ∼= C
∗(G/(K,S)). This concludes that the C∗-
algebra C∗(G/(H,B)) contains non-gauge invariant ideals and completes the
proof. 
We gather the results of this section in the following corollary. Recall
from [3] that the real rank of a unital C∗-algebra A is the smallest integer
RR(A) such that for every ε > 0, positive integer n ≤ RR(A)+1 and n-tuple
(x1, . . . , xn) of self-adjoint elements in A, there is an n-tuple (y1, . . . , yn) of
self-adjoint elements of A such that
∑n
i=1 y
2
i is invertible and∥∥∥∥∥
n∑
i=1
(xi − yi)
2
∥∥∥∥∥ < ε.
If A is non-unital, RR(A) is the real rank of its unitization.
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Corollary 6.7. Let H be a saturated hereditary subset of G0. Then the
following conditions are equivalent:
(1) The quotient ultragraph G/(H,BH ) satisfies Condition (K).
(2) The quotient ultragraph G/(H,B) satisfies Condition (K) for some
B ⊆ BH .
(3) For every admissible pair (K,S) with H ⊆ K, G/(K,S) satisfies
Condition (L).
(4) If B ⊆ BH , all ideals of C
∗(G/(H,B)) ∼= C∗(G)/I(H,B) are gauge
invariant.
(5) If B ⊆ BH , the real rank of C
∗(G/(H,B)) ∼= C∗(G)/I(H,B) is zero.
Proof. We have shown the equivalence of conditions (1)-(4). So, it suffices
to show the implications (2) ⇒ (5) and (5) ⇒ (3). For (2) ⇒ (5), suppose
B ⊆ BH and the quotient ultragraph G/(H,B) satisfies Condition (K).
Select an increasing sequence {Fn}
∞
n=1 of finite subsets of Φsg(G
0) ∪ Φ(G1)
such that ∪∞n=1Fn = Φsg(G
0)∪Φ(G1). Then, similar to the proof of Theorem
4.5, C∗(G/(H,B)) is isomorphic to the inductive limit lim−→C
∗(GFn). Since
loops in each GFn come from those of G/(H,B), we may select Fn’s such
that each finite graph GFn satisfies Condition (K), and so, the real rank of
C∗(GFn) is zero [10, Theorem 4.1]. Thus the real rank of C
∗(G/(H,B)) is
zero by [3, Proposition 3.1].
For (5) ⇒ (3), suppose that there is an admissible pair (K,S) with
H ⊆ K such that the quotient ultragraph G/(K,S) does not satisfy Con-
dition (L). We can also assume that B ⊆ K ∪ S by Lemma 6.3. Then, by
Lemma 6.5, C∗(G/(K,S)) contains an ideal Morita-equivalent to C(T), and
so RR(C∗(G/(K,S))) 6= 0 by [3, Corolary 2.8]. As C∗(G/(K,S)) is a quo-
tient of C∗(G/(H,B)), Theorem 3.14 of [3] implies that RR(C∗(G/(H,B))) 6=
0. 
For ultragraph C∗-algebras, Corollary 6.7 shows both [13, Proposition 7.3]
and [12, Proposition 5.26] because every ultragraph can be considered as a
quotient ultragraph with the trivial admissible pair ({∅}, {∅}). However, our
proof is quite different from those of [13] and [12].
Corollary 6.8. An ultragraph G satisfies Condition (K) if and only if all
ideals of C∗(G) are gauge invariant if and only if the real rank of C∗(G) is
zero.
7. Primitive ideals in C∗(G)
In this section, we apply quotient ultragraphs to describe primitive gauge
invariant ideals of an ultragraph C∗-algebra. Recall that since every ultra-
graph C∗-algebra C∗(G) is separable (as assumed G0 to be countable), a
prime ideal of C∗(G) is primitive and vice versa [4, Corollaire 1].
Definition 7.1. Let G be an ultragraph. For two sets A,B ∈ G0, we write
A ≥ B if either B ⊆ A, or there exists α ∈ G∗ with |α| ≥ 1 such that
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s(α) ∈ A and B ⊆ r(α). We simply write A ≥ v, v ≥ B, and v ≥ w if
A ≥ {v}, {v} ≥ B, and {v} ≥ {w}, respectively. A subsetM ⊆ G0 is said to
be downward directed whenever for every A,B ∈M , there exists ∅ 6= C ∈M
such that A,B ≥ C.
To prove Proposition 7.3 below, we need a simple lemma.
Lemma 7.2. If G/(H,B) satisfies Condition (L), then every nonzero ideal
of C∗(G/(H,B)) contains some projection q[A] with [A] 6= [∅].
Proof. Take an arbitrary ideal J in C∗(G/(H,B)). If there are no q[A] ∈ J
with [A] 6= [∅], then the Cuntz-Krieger uniqueness theorem implies that the
quotient homomorphism φ : C∗(G/(H,B)) → C∗(G/(H,B))/J is injective.
Hence, we have J = kerφ = (0). 
Proposition 7.3. Let H be a saturated hereditary subset of G0. Then the
ideal I(H,BH ) in C
∗(G) is primitive if and only if the quotient ultragraph
G/(H,BH) satisfies Condition (L) and the collection G
0 \ H is downward
directed.
Proof. Let I(H,BH ) be a primitive ideal of C
∗(G). Since C∗(G)/I(H,BH )
∼=
C∗(G/(H,BH )), the zero ideal in C
∗(G/(H,BH )) is primitive. If G/(H,BH )
does not satisfy Condition (L), then C∗(G/(H,BH )) contains an ideal J
Morita-equivalent to C(T) by Lemma 6.5. Select two ideals I1, I2 in C(T)
with I1 ∩ I2 = (0), and let J1, J2 be their corresponding ideals in J . Then
J1 and J2 are two nonzero ideals of C
∗(G/(H,BH )) with J1 ∩ J2 = (0),
contradicting the primness of C∗(G/(H,BH )). Therefore, G/(H,B) satisfies
Condition (L).
Now we show that M := G0 \H is downward directed. For this, we take
arbitrary sets A,B ∈M and consider the ideals
J1 := C
∗(G/(H,BH ))q[A]C
∗(G/(H,BH ))
and
J2 := C
∗(G/(H,BH ))q[B]C
∗(G/(H,BH ))
in C∗(G/(H,BH )) generated by q[A] and q[B], respectively. Since A,B /∈ H,
the projections q[A], q[B] are nonzero by Theorem 3.11, and so are the ideals
J1, J2. The primness of C
∗(G/(H,BH )) implies that the ideal
J1J2 = C
∗ (G/(H,BH )) q[A]C
∗ (G/(H,BH)) q[B]C
∗ (G/(H,BH ))
is nonzero, and hence q[A]C
∗(G/(H,BH ))q[B] 6= {0}. As the set
span
{
tαq[D]t
∗
β : α, β ∈ (G/(H,B))
∗, r(α) ∩ [D] ∩ r(β) 6= [∅]
}
is dense in C∗(G/(H,BH )), there exist α, β ∈ (G/(H,BH ))
∗ and [D] ∈ Φ(G0)
such that q[A](tαq[D]t
∗
β)q[B] 6= 0. In this case, we must have s(α) ⊆ [A] and
s(β) ⊆ [B] and thus, A,B ≥ C for C := rG(α) ∩D ∩ rG(β).
In order to prove the converse, assume that G/(H,BH ) satisfies Condition
(L) and the collection M = G0 \H is downward directed. Fix two nonzero
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ideals J1, J2 of C
∗(G/(H,BH )). By Lemma 7.2, there are nonzero projec-
tions q[A] ∈ J1 and q[B] ∈ J2. Then A,B /∈ H and, since M is downward
directed, there exists C ∈ M such that A,B ≥ C. Hence, the ideal J1 ∩ J2
contains the nonzero projection q[C]. Since J1 and J2 were arbitrary, this
implies that the C∗-algebra C∗(G/(H,BH )) is primitive and consequently,
I(H,BH ) is a primitive ideal in C
∗(G) by Proposition 5.1. 
The next proposition describes another kind of primitive ideals in C∗(G).
Proposition 7.4. Let (H,B) be an admissible pair in G and let B = BH \
{w}. Then the ideal I(H,B) in C
∗(G) is primitive if and only if A ≥ w for
all A ∈ G0 \H.
Proof. Suppose that I(H,B) is a primitive ideal and take an arbitrary A ∈
G0 \ H. If A := A ∪ {v′ : v ∈ A ∩ (BH \ B)}, then q[A] and q[w′] are two
nonzero projections in C∗(G/(H,B)). Consider two ideals
J[A] := C
∗(G/(H,B))q[A]C
∗(G/(H,B))
and
J[w′] := C
∗(G/(H,B))q[w′]C
∗(G/(H,B))
of C∗(G/(H,B)) generated by q[A] and q[w′], respectively. The primness of
C∗(G/(H,B)) ∼= C∗(G)/IH,B implies that the ideal
J[A]J[w′] = C
∗(G/(H,B))q[A]C
∗(G/(H,B))q[w′]C
∗(G/(H,B))
is nonzero, and hence q[A]C
∗(G/(H,B))q[w′] 6= {0}. Then there exist α, β ∈
(G/(H,B))∗ such that q[A]tαt
∗
βq[w′] 6= 0. Since [w
′] is a sink in G/(H,B), we
must have q[A]tαq[w′] 6= 0. If |α| = 0, then [w
′] ⊆ [A], w′ ∈ A and w ∈ A.
If |α| ≥ 1, then s(α) ⊆ [A] and [w′] ⊆ r(α), which yield sG(α) ∈ A and
w ∈ rG(α). Therefore, we obtain A ≥ w in either case.
Conversely, assume A ≥ w for every A ∈ G0 \ H. Then the collection
G0 \ H is downward directed. Moreover, this hypothesis implies that, for
every [∅] 6= [A] ∈ Φ(G0), there exists α ∈ (G/(H,B))∗ such that s(α) ⊆ [A]
and [w′] ⊆ r(α). Since [w′] is a sink in G/(H,B), we see that the quotient
ultragraph G/(H,B) satisfies Condition (L). Now similar to the last part of
the proof of Proposition 7.3, we can show that I(H,B) is a primitive ideal. 
Recall that the loops in a quotient ultragraph G/(H,B) come from those
in the initial ultragraph G. So, to check Condition (L) for a quotient ultra-
graph G/(H,B), we can use the following definition.
Definition 7.5. Let H be a saturated hereditary subset of G0 and denote
M := G0 \H. A loop α = e1 . . . en is said to be in G \H if rG(α) ∈ M . In
this case, we say that α has an exit in G \H if either rG(ei) \ sG(ei+1) ∈M
for some i, or there is an edge f with rG(f) ∈ M such that sG(f) = sG(ei)
and f 6= ei, for some 1 ≤ i ≤ n.
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It is easy to verify that a quotient ultragraph G/(H,B) satisfies Condition
(L) if and only if every loop in G\H has an exit in G\H. Now we characterize
all primitive gauge invariant ideals of an ultragraph C∗-algebra C∗(G) that
is a generalization of [1, Theorem 4.7] and [5, Theorem 4.5].
Theorem 7.6. Let G be an ultragraph. A gauge invariant ideal I(H,B) of
C∗(G) is primitive if and only if one of the following holds:
(1) B = BH , G
0 \H is downward directed, and every loop in G \H has
exits in G \H.
(2) B = BH \ {w} for some w ∈ BH , and A ≥ w for all A ∈ G
0 \H.
Proof. Let I(H,B) be a primitive ideal in C
∗(G). Then C∗(G/(H,B)) ∼=
C∗(G)/I(H,B) is a primitive C
∗-algebra. We claim that |BH \ B| ≤ 1. In-
deed, if w1, w2 are two distinct vertices in BH \ B, similar to the proof of
Propositions 7.3 and 7.4, the primitivity of C∗(G/(H,B)) implies that the
corner q[w′1]C
∗(G/(H,B))q[w′2] is nonzero. So, there exist α, β ∈ (G/(H,B))
∗
such that q[w′1]tαt
∗
βq[w′2] 6= 0. But we must have |α| = |β| = 0 because
[w′1], [w
′
2] are two sinks in G/(H,B). Hence, q[w′1]q[w′2] 6= 0 which is impossi-
ble because q[w′1]q[w′2] = q[{w′1}∩{w′2}] = q[∅] = 0. Thus, the claim holds. Now
we may apply Propositions 7.3 and 7.4 to obtain the result. 
Corollary 6.8 says that if G satisfies Condition (K), then all ideals of C∗(G)
are of the form I(H,B). So, we have the following.
Corollary 7.7. If an ultragraph G satisfies Condition (K), then Theorem
7.6 describes all primitive ideals of C∗(G).
In the end of paper, we establish primitive gauge invariant ideals of a quo-
tient ultragraph C∗-algebra C∗(G/(H,B)) by applying Theorem 7.6. Recall
from Theorem 5.3 that every gauge invariant ideal of C∗(G/(H,B)) is of the
form J[K,S] with H ⊆ K and B ⊆ K ∪ S. Since
C∗(G/(H,B))
J[K,S]
∼= C∗(G/(K,S)) ∼=
C∗(G)
I(K,S)
by Theorem 5.3, a gauge invariant ideal J[K,S] of C
∗(G/(H,B)) is primitive
if and only if I(K,S) is a primitive ideal of C
∗(G). Therefore, Theorem 7.6
conclude that:
Theorem 7.8. Let G/(H,B) be a quotient ultragraph of G. A gauge in-
variant ideal J[K,S] of C
∗(G/(H,B)) is primitive if and only if one of the
following conditions holds:
(1) S = BK , G
0 \K is downward directed, and every loop in G \K has
an exit in G \K.
(2) S = BK \ {w} for some w ∈ BK , and A ≥ w for all A ∈ G
0 \K.
In particular, if G/(H,B) satisfies Condition (K), these conditions charac-
terize all primitive ideals of C∗(G/(H,B)).
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